Ako (ne)riesit diferencialne
rovnice numericky

Jakub Stavina

Uvodné sustredenie TMF
4. Oktdber 2024



Vektory a derivacie

* Vektor je usporiadana n-tica realnych Cisel
* Je mozneé ich scCitavat a nasobit skalarom:
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* Derivacia funkcie x vbode t: %
= sklon dotycnice ku grafu funkcie x v bode t: 7
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https://youtube.com/playlist?list=PLZHQObOWTQDPD3MizzM2xVFitgF8hE_ab&si=LianWA189NDzh4Ar
https://youtube.com/playlist?list=PLZHQObOWTQDMsr9K-rj53DwVRMYO3t5Yr&si=6sBSH8LmDtp39kDE

Co je to diferencialna rovnica?

* Vztah medzi funkciami x, y, ... aich derivaciami
dx dy

T(x,y,...;a,dt,...,) =(

» Standardny tvard
X
— = f(t, x), x(0) = x,

X Lt x,y,...) . dx/dt
X = (y), f(t,x) = HExy, ..) | d—: = (dy(dt)

RIESENIM NIE SU CISLA, ALE FUNKCIE: x(t;x,)

kde:


https://youtube.com/playlist?list=PLZHQObOWTQDNPOjrT6KVlfJuKtYTftqH6&si=-3182nQpiMOeK_kp

Priklady diferencialnych rovnic:

e Newtonov Il zakon

Zakon chladnutia
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Dynamika populacii
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https://en.wikipedia.org/wiki/Newton%27s_law_of_cooling
https://en.wikipedia.org/wiki/RLC_circuit
https://en.wikipedia.org/wiki/Lotka–Volterra_equations

Ako numericky derivovat?

Dostato¢ne malé h:

e /Z definicie: l |h| « 1
dx — lim (x(t+h)—x(t)) ~ x(t+h)—x(t)
dt h-0 h h

« Co teda hovori diferencialna rovnica v §tandardnom tvare?

x(t + h) — x(t)
h

~ f(x,t)



Eulerova metoda:

x(t + h) — x(t)
h

~ f(x,t)
 Upravme ju na tvar
x(t + h) = x(t) + hf(x, t)

 Zadefinujme x,, = x(hn) podla vztahu

Xn41 = Xp + hE(Xp, t)

EXPLICITNA EULEROVA METODA


https://en.wikipedia.org/wiki/Euler_method

Priklad:

 Diferencialnarovnica

dx .
E+x—0, x(0) =1

Identifikuj f(x)
f(x) =—x

Eulerova metdda
Xn+1 = Xp T hf(xn)

Dosadit za f (x,,) a uplatni po¢iato¢nu podmienku
Xn1 = Xp —hxy, %9 =1
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Jednoducha implementacia v Excell
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Implementacia v Pythone

import numpy as np

N =100
h=0.1
X = np.zeros(N)
f(x):
return -x
x[0] =1

for i in range(N-1):
x[i+1] = x[i] + h*f(x][i])
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Konvergencia, rad a stabilita
" (Xg) = X1.x, — X(h;Xg) <— Lokélna chyba

el (xq) = Xyx, — X(hN;Xy) < Globalna chyba

Numericka metoda je...

(%)

= 0.

 konzistentna ak lim
h—-0

* konvergentna ak so zmensSujucim sa krokom h sa
numericke riesenie priblizuje exaktnému rieseniu.

* radu p ak je lokalna chyba

h — p+1
L (XO) o O(h ) O(hP) znamena, Ze pre
...potom sa d4 ukazat e (x,) = O(hP). < |h| < 1 bude chyba

. , . Lo , rast Umerne s hP.
* stabilna ak je rast chyby potlacany.
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https://en.wikipedia.org/wiki/Numerical_methods_for_ordinary_differential_equations
https://en.wikipedia.org/wiki/Truncation_error_(numerical_integration)

Explicitné a implicithné metody

* Explicitna Eulerova metdda:
Xn+1 = Xn + hf(Xn: t)

* Implicitna Eulerova metoda:
Xnt1 = Xp + M(Xp4q,t)
* Je nutnériesit rovnice pre X, .1
* Pomaha so stabilitou

Jednoduché sposoby riesenia rovnic tohoto druhu:

* hladanie pevného bodu iteraciou
* scipy.optimize.fsolve

15


https://en.wikipedia.org/wiki/Explicit_and_implicit_methods
https://en.wikipedia.org/wiki/Euler_method
https://en.wikipedia.org/wiki/Backward_Euler_method
https://en.wikipedia.org/wiki/Fixed-point_iteration
https://docs.scipy.org/doc/scipy/reference/generated/scipy.optimize.fsolve.html

Harmonicky oscilator

Pohybova rovnica
d?x
dt?

_x’

sa da napisat ako
X
() = (50)

Plati:
1 2,1 2 _
X +2p = E.

Hybnost - p, [a.u.]

h=0.1, N=200
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Lepsie numerické metody

* Pre vseobecné problémy:
 Runge-Kutta metdédy radu4, 5, ...
 Metddy s adaptivhym krokom
* BDF metddy

* Pre pohyboveé rovnice

 Verletova metdda
Symplektica

* Implicitna metdda stredneho bodu

Hamiltonovskom tvare

* Pre problémy so zakonom zachovania
* Projektivhe metody

» Metoda diskrétnych gradientov

17


https://en.wikipedia.org/wiki/Runge–Kutta_methods
https://en.wikipedia.org/wiki/Adaptive_step_size
https://en.wikipedia.org/wiki/Backward_differentiation_formula
https://en.wikipedia.org/wiki/Verlet_integration
https://en.wikipedia.org/wiki/Symplectic_integrator
https://en.wikipedia.org/wiki/Midpoint_method
https://en.wikipedia.org/wiki/Hamiltonian_mechanics
https://iopscience.iop.org/article/10.1088/1751-8113/41/4/045206/meta

Kniznica scipy v Pythone

* scipy.integrate.solve_ivp

C 4

Installingl? User Guide APIreference Building from source Development Release notes

A > SciPy APl > Integration and ODEs ( scipy.integrate ) > solve_ivp

scipy.integrate.
solve_1ivp

solve_ivp(fun, t_span, y@, method='RK45', t_eval=None,

dense_output=False, events=None, vectorized=False, args=None, x*options)

Solve an initial value problem for a system of ODEs. [source]

This function numerically integrates a system of ordinary differential equations given an initial
value:

dy / dt = f(t, y)
y(te) = y@

Here t is a 1-D independent variable (time), y(t) is an N-D vector-valued function (state), and
an N-D vector-valued function f(t, y) determines the differential equations. The goal is to find

v f® Aarmmravivasadalir aadiafirimm~ Plaas AifFfarameial amiiadimnme ~ivszarm s irnidbial vimli s 74 —v i

1.14.1 (stable) ~

:= On this page

solve_ivp

O ® O
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https://docs.scipy.org/doc/scipy/reference/generated/scipy.integrate.solve_ivp.html

Rady a varovania

* Najprvy sa zamysli!
 Hladaj analytické riesenia
* Fixné body
* Linearizacia
* Pracuj s rovnicou v spravhom tvare!

e Pozor na nelinearne rovnice ]»
* Pozor na rovnice v nestandardtom tvare

e Pamataj na hromadenie chyb a rad!
e Skontroluj konvergenciu!

 Zvol vhodnu metédu!
* Znovu sa zamysli!

napriklad:

1

>=m
2

(

dx

dt

)2 LV(x) = E
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Priestor na otazky

Dakujem!

20
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